In this work, a new translational robot formed with two different parallel manipulators with a common control point is introduced. An asymmetric parallel manipulator provides three translational degrees of freedom to the proposed robot while the orientation of the end-effector platform is kept constant by means of a Delta-like manipulator. An exact solution is easily derived to solve the forward displacement analysis while a semi-closed form solution is available for solving the inverse displacement analysis. The infinitesimal kinematics of the robot is approached by applying the theory of screws. Finally, a numerical example that consists of solving the inverse/forward displacement analysis as well as the forward acceleration analysis of the end-effector platform is presented. The example also includes the computation of the workspace and the direct/inverse singularities of the example.
Introduction
Parallel manipulators with fewer than six degree of freedom have a wide range of applications, including assembly, machining, micro robotics, and medical applications. Therefore, in spite of a limited mobility, they have gained an increasing interest in research as well as in industry. Fruitful results have been obtained in this trend, for details visit the website. 1 Without doubt nowadays, the most celebrated parallel manipulator with fewer than six degrees of freedom is the robot Delta invented by Clavel, 2 a translational parallel manipulator (TPM) designed for pick-and-place operations. Before the success of the robot Delta, TPMs become one of the most attractive class of lower mobility parallel manipulators, Table I listed some contributions in this research field.
The TPMs listed in Table I exhibit a common characteristic: identical limbs and therefore frequently these are denominated as symmetric parallel manipulators. If the * Corresponding author. E-mail: gjaime@itc.mx forward displacement analysis (FDA), a challenging task of most parallel manipulators of a TPM can be carried-out by solving a set of linear equations then the parallel manipulator is known as a three degree of freedom linear TPM. 16, 17 In that way, the contribution of Kong and Gosselin 7 concerning with the kinematic and singularity analyses of the 3-CRR TPM is one of the most known efforts devoted to simplify the forward kinematics of a TPM. As it is pointed by one of the reviewers, the 3-CRR robot was previously investigated in Carricato and Parenti-Castelli. 18 Furthermore, it is said that a TPM is fully decoupled if each one of its degrees of freedom is affected by one, and only one, generalized coordinate, perhaps a perfect mechanism from a kinematic point of view. As it is shown in Carricato and Parenti-Castelli, 18 the merits of a fully decoupled TPM allows to obtain fully isotropic mechanisms free of singularities. Recently, Briot and Bonev 19 proposed a fully decoupled isotropic translational parallel mechanism, named the Pantopteron, constructed with three pantograph linkages. However, this robot is recommended only for pickand-place operations.
In this work a new TPM with uncoupled kinematics is introduced. The proposed robot consists of two parallel manipulators that share a control point attached at their moving platforms. The position of the control point is conducted by means of an asymmetric parallel manipulator while the constant orientation of the end-effector-platform is achieved by means of a Delta-like manipulator. The theory of screws is the mathematical resource to approach the velocity and acceleration analyses. Simple and compact expressions for solving the infinitesimal kinematics of the proposed robot are carried out by taking advantage of the concept of reciprocal screws.
Description of the Translational Robot
The proposed robot, see Fig. 1 , consists of an external parallel manipulator (EPM) and an inner parallel manipulator (IPM). Both spatial mechanisms share a spherical joint over their moving platforms whose centroid is chosen as the control point C m of the robot.
The IPM is a TPM 20 whose role is to keep constant the orientation of the end-effector platform with respect to the fixed platform, whereas the EPM is a three-legged 15 3-CUR C = cylindrical joint, P = prismatic joint, R = revolute joint, S = spherical joint, U = universal joint. asymmetric parallel manipulator, SP + SPR + SPU, whose function is to provide three translational movements to the control point and it is an adaptation of the four degrees of freedom partially decoupled parallel manipulator introduced by Gallardo-Alvarado et al. 21 The adjustablelength limbs q i (i = 1, 2, 3), with associated vectors q i (in the remainder of this work i = 1, 2, 3), are chosen as the active kinematic pairs of the robot and since they provide rectilinear forces, then the proposed manipulator can be used not only as a pick-and-place manipulator but also as a spatial translational machine tool.
The robot features three spherical joints with centers S i = (X i , Y i , Z i ), which form an equilateral triangle S 1 S 2 S 3 with side e, which are located by vectors S i , and three revolute joints with a tangential arrangement in the fixed platform. The points B 1 , B 2 , and B 3 located by vectors B i denote the nominal positions of the fixed, revolute, and universal joints in the coupler platform of the IPM. The axis of the revolute joint of the SPR limb is parallel to the line B 1 B 3 whereas the axis of the revolute joint connecting the SPU limb to the coupler platform, representing one freedom of the universal joint, is parallel to the line B 1 B 2 . Finally, the SP limb is normal to the plane B 1 B 2 B 3 .
Finite Kinematics
In this section, the forward and inverse displacement analyses are carried out by using simple geometric procedures. The FDA consists of finding the position of the control point Cm given a set of generalized coordinates or active length limbs q i whereas the inverse displacement analysis (IDA) consists of finding the active length limbs of the robot given the instantaneous coordinates of the control point Cm. Fig. 1(a) , simple loop-closure equation is readily written as
Forward displacement analysis
where q 1 is a vector along the y-axis. Moreover, the revolute joint, with associated unit vectorû along the corresponding axis, of the SPR limb constraints the vector S 2 − B 2 in such a way that
where the bullet • denotes the usual inner product of threedimensional vectorial algebra. Furthermore, from the triangle S 1 S 2 B 2 , two compatibility equations are given by
After a few computation, Eqs. (1)- (3) yield a second-order algebraic equation in the unknown Y 2 as
whereas the remaining coordinates of S 2 are obtained upon linear equations as
where the coefficients K j (j = 1, 2, . . . , 7), which are provided in Appendix, are calculated according to the given coordinates of the points S 1 , B 1 , B 2 and the length limb q 2 .
Following a similar procedure and considering the closure equations given by
A second-order algebraic equation in the unknown Y 3 results in
while the remaining coordinates of point S 3 are obtained as
where the coefficients K j (j = 8, 9, . . . , 14) depend on the coordinates of the points S 1 , S 2 , B 3 and the length limb q 3 and are given in Appendix.
Once the coordinates of points S i are calculated, the position vector r O/o , denoting the relative position of the origins of the reference frames, is computed as
Furthermore, the 4 × 4 homogeneous transformation matrix of the fixed platform, with respect to the coupler platform, is given by
where 1 R 0 is the rotation matrix of the fixed platform with respect to the coupler platform, which can be computed using the method introduced in Gallardo-Alvarado et al. 22 Finally, taking into account that
where I 4 is the identity matrix of dimension 4, then the homogeneous transformation matrix of the coupler platform with respect to the fixed platform is obtained as the inverse of 1 T 0 . Furthermore, the coordinates of any point P , including the control point Cm attached at the coupler platform, expressed in the global reference frame O XY Z, can be obtained by means of the relationship
where p is expressed in the moving reference frame o xyz. Finally, according to Eqs. (4) and (7), points S 2 and S 3 can reach, each one, at most two positions. Hence, there are at most four feasible poses of the end-effector platform with respect to the fixed platform for a prescribed set of generalized coordinates q i . Moreover, the actual configuration of the manipulator can be easily determined due to the fact that the user is free to select the sign for each discriminant associated to Eqs. (4) and (7). Furthermore, it should be noted that one freedom between the coupler and fixed platforms is affected only by the generalized coordinate q 1 while the remaining two degrees of freedom are affected simultaneously by q 2 and q 3 ; in that way, it is possible to affirm that the proposed TPM possesses partially decoupled degrees of freedom.
Inverse displacement analysis
From the equilateral triangle B 1 B 2 B 3 in Fig. 1 , one obtains
whereas according to the tangential arrangement of the revolute joint B 2 it is possible to write
On the other hand, the SP-type limb restricts the motions of the coupler platform in such a way that
and
Finally, three compatibility kinematic constraints are given by
where B ij is the distance between points B i and B j . Expressions (13)-(17) represent a system of nine equations in nine unknowns that can be solved by means of continuation methods, for details the reader is referred to Tsai. 23 Finally, the length limbs are computed as follows:
Infinitesimal Kinematics
This section addresses the inverse/forward velocity and acceleration analyses of the proposed robot by means of the theory of screws. The modeling of the screws is depicted in Fig. 1 . Each spherical joint of the EPM is simulated by means of three revolute joints with associated screws 0 $ 
Consider the SP limb. Since the primal parts of the screw 0 $ 
Casting into a matrix vector form Eqs. (20)- (22), it is possible to write
where 
] is an operator of polarity. Furthermore, once the velocity state V O is computed by means of expression (23) , the translational velocity of the control point Cm is obtained by applying the concept of helicoidal vector fields, see GallardoAlvarado et al., 24 as follows:
Inverse velocity analysis (IVA): Given a prescribed velocity state V O , the IVA consists of finding the required joint velocity rates of the robot, or in other words the matrix i . This analysis is solved directly from expression (19)
Singularity analysis
A singularity occurs when the coupler platform gains or loses degrees of freedom. Usually is an undesirable characteristic of parallel manipulators that must be treated properly in order to avoid physical damages to it.
As an intermediate step, in what follows the mobility of each one of the limbs of the EPM is investigated as follows: (i) SP limb. This serial connecting chain allows the coupler platform to have an arbitrary displacement, provided by the prismatic pair, and an arbitrary orientation, provided by the spherical pair, with respect to the fixed platform. This set of possible displacements does not form a subgroup of the Euclidean group; however, the set has four degrees of freedom. Clearly, the two loss degrees of freedom of this kinematic chain are due to the fixed connection at the coupler platform. Moreover, since 4 This serial connecting chain allows the coupler platform to have two arbitrary displacements due to the prismatic and revolute joints, and an arbitrary orientation, provided by the spherical joint, with respect to the fixed platform. This set has five degrees of freedom and does not form a subgroup of the Euclidean group. The screw 5 $ 6 2 is a an auxiliary element and therefore does not affect the singularity analysis. Since the prismatic joint is perpendicular to the revolute joint, and the spherical pair does not lie along the axis of the revolute joint, the SPR limb is free of singularities if the velocity state V B 2 is a five-dimensional vector where the dual part is a vector in the plane formed by the lines S 2 B 2 and a line perpendicular to the axis of the revolute joint. (iii) SPU limb. Since none of the axes of the two revolute joints that form the universal pair passes through the common point of the spherical pair and the direction of the prismatic pair does not coincide with the axes of the revolute pairs of the universal joint; the serial connecting chain generates all the possible displacements of the Euclidean group. Thus, if the coupler platform was connected to the fixed platform only by the serial chain SPU, the moving platform could adopt any arbitrary pose, within the workspace of the serial connecting chain, with respect to the fixed platform.
On the other hand, it is well known that most singularities are related with the infinitesimal kinematics; however, as noted by Di Gregorio, 6 a global singularity emerges if some closure equations dealing with the finite kinematics are dependent, for the manipulator at hand such expressions are
In this type of singularity, the coupler platform can undergo finite displacements without changing the length of the asymmetrical limbs. The next type of singularities to be treated iss related with the infinitesimal kinematics of the robot. To this aim, expression (23) is rewritten as
where A = J T and B is the identity matrix. In a singular configuration, the coupler platform cannot perform an arbitrary velocity state V O with respect to the fixed platform. Before do any further in this way, it is prudent to disregard trivial situations like (i) if any of the length limbs q i vanishes then the computation of some infinitesimal screws is indefinite; (ii) if the coupler platform is at rest, in other words
T , then according to Eq. (23) one possibility that satisfies this velocity state is such that 3 ω (26) , a singular configuration emerges when (i) matrix A is singular, namely, singularity type 2; (ii) matrix B is singular, namely, singularity type 1; (iii) A and B are both singular, namely, singularity type 3. For details, the reader is referred to Gosselin and Angeles. 25 Singularity type 2 is concerned with the forward kinematics of the robot. Clearly, matrix A is singular when the active Jacobian matrix J is singular. Hence, in order to approach the singularities dealing with the FVA of the parallel manipulator under study, the active Jacobian J is recalled here
The detection of this type of singularity can be achieved by analyzing the linear dependence of the elements, or reciprocal screws, of the matrix J as well to setting the determinant of J to zero. Considering that the reciprocal screws 0 $ However, it must be noted that the symbolic computation of this determinant is a hazardous task due to the generation of higher order polynomials, with radicals, in the unknowns q i , the handling of such expression could be a tedious task. In order to overcome this drawback, the following algorithm is proposed:
Define intervals for q 1 , q 2 , q 3 ) .
Once this procedure is completed, a singular surface can be generated from the computed points.
On the other hand, since matrix B is precisely the identity matrix then the robot is free of singularities type 1 and 3.
Finally, although the isotropic analysis is not included in this work, it is worth to note that the EPM is fully isotropic, concerning with the inverse kinematics, since det(B) = 1.
Acceleration analysis
The reduced acceleration state of the coupler platform with respect to the fixed platform taking the origin of the global reference frame as the reference pole,
T , can be written through any of the limbs of the EPM as follows:
T is a matrix containing the joint acceleration rates of the ith limb and
is the Lie screw of acceleration in which the brackets [ * * ] denote the Lie product of the Lie algebra e (3) . Forward acceleration analysis (FAA): Given the active joint acceleration rates 3ω i 4 of the robot, the FAA consists of finding the translational acceleration of the control point Cm.
The application of the Klein form of each one of the reciprocal screws with both sides of Eq. (29) and casting into a matrix-vector form, a compact acceleration equation is obtained as follows:
Furthermore, once the reduced acceleration state A O is computed by means of expression (31), the translational A novel three degrees of freedom partially decoupled robot with linear actuators acceleration of the control point Cm is obtained by applying the concept of helicoidal vector fields, for details see Gallardo-Alvarado et al., 24 as follows:
Inverse acceleration analysis (IAA): Given a prescribed reduced acceleration state A O , the IAA consists of finding the required joint acceleration rates of the robot, or in other words, the matrix˙ i . This analysis is solved directly from expression (29
Numerical Results and Discussion
In this section, a numerical example is provided. The unit vector along the axis of the revolute joint of the SPR limb, expressed in the moving reference frame o xyz, is given byû = .866î + 0.5k whereas, using hereafter SI units, the coordinates of points S i , expressed in the fixed reference frame O XY Z, are chosen as S 1 = (0, 0, 0), S 2 = (0, 0, 0.5), and S 3 = (0.433, 0, 0.25). Furthermore, the side of the equilateral triangle B 1 B 2 B 3 is given by e = B 12 = B 23 = B 13 = 0.5. In order to estimate the workspace, consider the interval 0.5 ≤ q i ≤ 1.5 for each generalized coordinate q i . After, including reflected solutions, 1914 real points are computed for the center of the end-effector platform, also called the control point, see Fig. 2 .
Furthermore, the direct singular surfaces, using the algorithm reported in Section 4.2, are presented in Fig. 3 . The combinations of the signs of the discriminants are placed at the top of each plot. It is important to mention that singular surfaces provided by combinations with distinct signs, +1 − 1 and −1 + 1, are associated to spurious solutions of the FDA. Thus, the only feasible direct singular configurations are the provided by the combinations +1 + 1 and −1 − 1.
In what follows, the simulations are to command the control point Cm of the end-effector platform to move according to the periodical function Cm = (0.14433 + 0.25 sin(t), 1 − 0.25 sin(t) cos(t), 0.25 − 0.25 sin 2 (t)) where the interval for the time t is given by 0 ≤ t ≤ 2π. The resulting time history of the required active length limbs q i to satisfy such function is provided in Fig. 4 .
Finally, consider the generalized coordinates q 1 = 1.0 − 0.1 sin 2 (t), q 2 = 1.0 − 0.15 sin(t) cos(t), and q 3 = 1.0 − 0.125 sin 3 (t), then the time history of the translational acceleration of the end-effector platform is provided in Fig. 5 , together with the numerical results generated using the software ADAMS c . Please note that the numerical results obtained by using screw theory are in excellent agreement with those generated with ADAMS c .
Conclusions
In this work, a novel translational manipulator is introduced. The proposed robot is formed with an asymmetrical active parallel manipulator with SP + SPR + SPU type limbs and a well-known symmetrical TPM. The main benefits of the topology of the proposed robot are (i) an exact solution is available to solve the FDA; (ii) the actual configuration of the robot can be determined choosing the signs of discriminants associated to two simple second-order algebraic equations; (iii) unlike other reported works, see for instance, 8, 26 the FDA does not require the application, among other methods, of the Sylvester dialytic elimination method because the obtained nonlinear equations are solved sequentially and not simultaneously; iv) the degrees of freedom between the coupler and fixed platform are partially decoupled.
The infinitesimal kinematics of the robot is approached by means of the theory of screws. Simple and compact expressions for solving the forward infinitesimal kinematics are easily derived by taking advantage of the concept of reciprocal screws. It is worth to mention that with this procedure the FAA does not require the computation of the passive joint acceleration rates of the manipulator. Applications of the proposed robot include any task of a TPM, such as simple pick-and-place operations, assembling, and welding. Furthermore, although this work does not approach the kinetic analysis, it is straightforward to demonstrate that, due to linear actuators instead of revolute actuators, the proposed robot can be used as a multiaxis machine tool. Finally, a numerical example is provided. This example includes the computation of the workspace, based on the FDA, as well as the computation of the direct singular surfaces of the robot and the application of the inverse displacement analysis. The example finishes with the application of the forward infinitesimal kinematics of the end-effector platform. Furthermore, the numerical results dealing with the acceleration analysis are successfully compared with numerical results generated with a commercially available software of kinematics simulation like ADAMS c . A novel three degrees of freedom partially decoupled robot with linear actuators 
